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Substitution of ai from Eq. (A2) into Eq. (12a) and the 
equating of coefficients of e x p ^ gives 

(A4) 

(A5) 

— v2+i(7Jn+rj22)i>+o>'2 

where 

From Eq. (A4) we obtain 

+ <P2(V22V2+Viia>'*)l, (A6) 
and 

ImA+ = i((Xo/D)v[m— (pi(f)ii+rj22) (u — rji2) 

+ <P2(^-v*-vi22-ijim, (A7) 
where 

D= ( « ' ' - I ^ ) H - I ^ I I + W 2 . (A8) 

Setting 
<T2=B+eiH+B„e-iH, (A9) 

with 
£_=£+*> (A10) 

we obtain, in an entirely analogous manner 

RtB+= (*o/D)Z<p2(a)+vi2)(o>,2-P*) 
- ^ ( W 2 + W 2 ) ] , (All) 

and 

ImB+= ~iv((To/D) [ ^ ( r / i i + W (u+iju) 

+ ^ i ( a ) 2 - v 2 - ^ i 2
2 - ^ 2 2 2 ) ] . (A12) 

APPENDIX B 

The average power P absorbed by the TLS from the 
field is given by (^ 'd) a v , where % is the field vector. 
Since 

8f=-(»/2/*)f, (A13) 

we have, from Eq. (1), 

P = - p L X M ) a v , (A14) 

which is Eq. (13) of the text. In first order, 0-3 is con
stant, and we therefore have, for a weak field. 

= —ihv(<pi ImA++<p2 ImB+). (A15) 

Utilizing Eqs. (A7) and (A12), we obtain 

P = -w(ju+W(VB)C«W+rf) 
+ Vl2((P22—<Pl2)+ ^1^2 (>7 l l—^22) ] , (A16) 

which—with the notational definitions of Eqs. (7), and 
in dyadic notation—is identical to Eq. (15). 
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Theory of Thermal Transport Coefficients* 
J. M. LTJTTINGER 

Department of Physics, Columbia University, New York, New York 
(Received 20 April 1964) 

A simple proof of the usual correlation-function expressions for the thermal transport coefficients in a re
sistive medium is given. This proof only requires the assumption that the phenomenological equations in the 
usual form exist. It is a "mechanical" derivation in the same sense that Kubo's derivation of the expression 
for the electrical conductivity is. That is, a purely Hamiltonian formalism with external fields is used, and 
one never has to make any statements about the nature or existence of a local equilibrium distribution func
tion, or how fluctuations regress. For completeness the analogous formulas for the viscosity coefficients and 
the heat conductivity of a simple fluid are given. 

I. INTRODUCTION 

IN recent years there has been considerable interest in 
certain general formulas for transport coefficients. 

These formulas express the transport coefficients in 
terms of certain correlation functions and are in 
principle more general than the use of any transport 
equation. Such general expressions seem to have been 
first given by Green1 for transport in fluids. For the 
electrical transport coefficients the analogous formulas 
seem first to have been published by Kubo.2 Since the 

* Work supported in part by the U. S. Office of Naval Research. 
1M. S. Green, J. Chem. Phys. 20, 1281 (1952); 22, 398 (1954). 

From a quite different point of view, equivalent formulas were 
obtained by H. Mori, Phys. Rev. 112, 1829 (1958). 

2R. Kubo, J. Phys. Soc. Japan 12, 570 (1957); R. Kubo, M. 
Yokota, and S. Nakajima, ibid., p. 1203. 

latter's formula for the electrical conductivity tensor is 
perhaps the most widely used of these formulas, they 
are often known as "Kubo" formulas. 

In obtaining such formulas, two different approaches 
have been used. For the electrical conductivity problem 
one can simply study the linear response of the system 
to an external electrical field and calculate the currents 
that flow. This leads unambiguously to Kubo's formula 
for the electrical conductivity tensor and seems very 
hard to object to. Such derivations we will call 
"mechanical" because they arise from studying a 
problem with a well-defined Hamiltonian (that of 
system plus interaction with external field). On the 
other hand, to obtain, say, the thermal conductivity, 
there exists no mechanical formulation, since there is no 
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Hamiltonian which describes a thermal gradient. (The 
temperature is a statistical property of the system.) In 
this case, the derivations have been carried out using 
local variables (variables describing macroscopic but 
small portions of the system) and some assumptions 
about how these variables develop in time. In Green's 
derivation, the assumption is essentially that such 
variables are controlled by a Markoff process; in 
Mori's derivation the form of the "local equilibrium 
distribution" is assumed. Although these derivations 
are not as rigorous as Kubo's mechanical one, they are 
quite plausible, and there has been little doubt that the 
resulting formulas are correct. Recently, however, such 
formulas have been questioned by Prigogine,3 Cohen,4 

and their co-workers on the basis of a model of an 
imperfect gas at low densities. Since the Green-Kubo-
Mori (GKM) formulas are being applied widely 
(especially in solid-state physics), we attempt in this 
paper to put them on a more solid basis. That is, we 
show that it is possible to give them an essentially 
mechanical derivation, analogous to the Kubo formula 
for the electrical conductivity. 

To understand what is involved in such a derivation 
we first consider the problem of the self-diffusion coeffi
cient. This is quite difficult to obtain by a direct 
mechanical argument. However, we may proceed as 
follows. First calculate the electrical conductivity 
tensor similarly to Kubo, then use the Einstein relation
ship5 between the diffusion coefficient and the electrical 
conductivity tensor. The Einstein relationship is quite 
general, depending only on the existence of the phe-
nomenological equations relating current, electrical 
field, and concentration gradient, and may hardly be 
doubted. Similarly, to study the thermal-transport 
phenomena we may introduce a field (essentially an 
inhomogeneous gravitational field) which causes energy 
or heat currents to flow. After the coefficients which 
relate this field to the currents are obtained, an argu
ment analogous to the Einstein argument relating elec
trical conductivity to diffusion is again used, and in this 
way the thermal coefficients are obtained. 

In Sec. I I we shall carry out the process in more detail 
for the diffusion coefficient, and in Sec. I l l the deriva
tion of the GKM formulas for the thermal-transport 
coefficients will be given. In Appendix A, some necessary 
formulas from equilibrium statistical mechanics are 
derived, while in Appendix B the "mechanical" deriva
tions of the viscosity and heat-conductivity coefficients 
for a simple fluid are given. 

II. RESPONSE TO AN ELECTRIC FIELD 

For simplicity we shall restrict ourselves to a one-
component system of particles of charge e. Let an 

8 1 . Prigogine and G. Severne, Phys. Letters 6, 177 (1963). 
4 E. G. D. Cohen, Phys. Letters 5, 192 (1963). Professor Cohen 

has kindly informed me that since the publication of his Letter a 
computational error has been found in his work, and now he 
obtains agreement with the Kubo type formula. 

6 A. Einstein, Ann. Physik 17, 549 (1905). 

external electrostatic potential p be gradually turned 
on, so that the electrostatic potential at a point r is 

*=*{!)**, ( i . i ) 

where s is a small positive quantity. If the Hamiltonian 
of the system is without field is H, then the total 
Hamiltonian HT is given by 

HT = H+Fest, (1.2) 
where 

F=jp(r)<p(x)dt, (1.3) 

and p(r) is the charge-density operator for the system, 
i.e., 

p(T) = m(t), (1.4) 

where n(t) is the number-density operator. 
The density matrix (pr) at any instant of time is 

given by (fi — 1) 

i(dPT/dt) = ZHT,PTl. (1.5) 

Since we are interested in the linear response to the 
field, we may write 

Pr=P+fe«, (1.6) 

where p is the equilibrium density matrix for the system 
(corresponding to its condition when the field is turned 
on at t= — oo) and / is linear in the external field. 
Substituting (1.6) in (1.5) and retaining only linear 
terms, we obtain 

LH,n-isf=C, (1.7) 
where 

C=LP,FI (1.8) 

As may easily be verified by going to the representa
tion where H is diagonal, the solution of (1.7) is given by 

f=ij dte~stC(-t), (1.9) 
Jo 

where for a general operator A, A (t) is defined by 

A(t) = eiHtAe~iHt. (1.10) 

Similarly, we verify at once that 

F=itH,F-] = Jdrp(r)<p(r), (1.12) 

(3=l/kT} where T is the original equilibrium tempera
ture at / = — oo. This is true when p is represented by a 
grand canonical distribution, which we shall assume 
from now on. Therefore, 

f=-p dte~st dp'&i-t-ip'). (1.13) 
Jo ^ o 

The charge-density operator is given by 

p(r) = e L ; 8 ( r - r y ) , (1.14) 
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where r;- is the position of the 7th particle. From this, 
the equation of continuity follows at once: 

p ( r )+V- j ( r ) = 0 , (1.15) 

where j (r) is the current-density operator 

j ( r ) = (« /2)Ey(v ,*( r - ry)+$(r - r y )v , ) . (1.16) 

Here Vy is the velocity operator for the 7th particle. If 
we assume velocity-independent interactions among the 
particles and no external magnetic field, for example, 

where 

Vy=py/m, (1.17) 

then 

F= i r [ - v j ( r ) > ( r ) 

/ ' 
= J drj(r)-V<p(r)=-j dt)(r)• E( r ) , (1.18) 

where E(r) is the electric field at r. 
Since the average current density at r is given by 

(apart from a factor est; we shall not write such factors 
explicitly from now on) 

<j(r)) = T r [ / j ( r ) ] , (1.19) 
we have 

(ja(r)) = +! dur«l dp'fdt' 

X( i 7 ( r ' , -t-i$')ja{r)),Ey{Tf), (1.20) 
where 

( ^ ) o ^ T r ( p ^ ) 

and y is summed on x, y, z. 
This general formula (1.20) gives the current density 

which flows in response to the turning on of an arbitrary 
spacially varying electric field. Now what interests us 
for the phenomenological theory is the response to a field 
which is slowly varying, i.e., whose variation is negligible 
over a distance containing many particles. Since every
thing is linear in the field, we may confine ourselves to 
a single Fourier component of the potential 

?(r)=*>qe**'. (1.21) 

For a homogeneous system the response must have this 
same spacial dependence. 

Writing 

jqa= / dre-^jair) 

^iHivjae-^+e-^vja), (1.22) 
3 

we obtain, for the only non-negligible Fourier compo
nent of the current density, 

{jqa) = dttr'* 0{j-%.y(-t-fflh*)<&-n, (1-23) 
Jo Jo 

A 7 q— - -iqyVi. (1.24) 

We are interested in the limit of (1.23) as q and s 
approach zero, if we want to derive the phenomeno
logical transport coefficients. 

Now depending on how this limit is performed, we 
get very different results. This may be seen at and from 
the phenomenological equations. These are 

{ja(r)) = aarEy(r)-DayVy(p(t))9 (1.25) 

the first term being the current induced by the electric 
field, the second being the diffusion current caused by 
concentration gradients. Substituting (1.25) in the 
equation of continuity we obtain for (pq), the qth 
Fourier component of the induced charge density, 

j W = —[y<rayqaqy/(s+Dayqaqy)']i<p<L, (1.26) 

(jqa)=V{(Tay — Dayljrafyfqa'qy'/(s+D0l>7>qafqy')J}EqLy' 
(1.27) 

V is the volume of the system. 
We now consider two limits: (a) the "rapid" case, 

where q,s approaches zero, but q approaches zero first; 
(b) the "slow" case, in which 5 approaches zero, then q 
does. To be more specific, in (a), s^>Dayqaqy; in (b), 
s<KDayqaqy. 

In the "rapid" case we see that 

W ~ g V 5 = 0 , (1.28) 

0'q«)=F<r f f l 7£,7+O(?
2A) 

= = ' GayJ^qy • 
(1.29) 

In the rapid case, the system stays homogeneous 
(doesn't have time to adjust to the spacially varying 
potential). The electrical conductivity tensor is ob
tained, using (1.29) from (1.23) by letting q go to zero, 
then s. That is, 

1 /•*> r/3 

— / dt e~st \ dff 
V Jo Jo 

aay = \im— I dte~stl dpf{jty{-t-0)jo«)o, (1.30) 

which is just the usual Kubo formula.6 

On the other hand, in the slow case, no current can 
flow since it corresponds to a perfectly well-defined 
static periodic potential applied to the system. For such 
a case we will have a situation of thermal equilibrium in 
which, of course, no bulk currents flow. Therefore, from 
(1.26) and (1.27) with O'q«> = 0, we get 

(1.31) 

(1.32) 

0ay •L^ay\<^a'y,qafqy'/J-^a,y/qa,qy'J > 

( P q ) = ~" (V(ra>yfqa>qy'/Da>y'qa>qy')<pq. 

6 In the case of Coulomb interactions between the particles, 
some care is necessary in going to the q = 0 limit. This well-known 
difficulty [see, for example, V. Ambegaokar and W. Kohn, Phys. 
Rev. 117, 423 (I960)] is related to the fact that a longitudinal 
external field is screened by the charged particles while a trans
verse one is not, so they have different q = 0 limits. The simplest 
correct procedure is than to consider a transverse field (as in 
Appendix B) and proceed to the g = 0 limit for it. 
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Equation (1.31) may only be satisfied if for arbitrary q if 

<Ta7 — aDay, (1.33) 

where a is some constant independent of q. 

<*>— ~'Ca'y'qa'qy'/Da'y'qafqy' , 

(pq)=-Vo<pq. (1.34) 

Now since (pq) is the charge density for a system in 
equilibrium in a static external potential with Fourier 
coefficient <pq, it may be calculated by equilibrium 
statistical mechanics. Therefore, a is an equilibrium 
property of the system. A straightforward calculation, 
which is given in Appendix A, yields 

a=e2/(dix/dn)Ti (1.35) 

where fx is the chemical potential regarded as a function 
of the temperature and equilibrium particle density n. 

Combining (1.35) and (1.33) we get the usual Einstein 
relationship, which, combined with (1.30), gives the 
"Kubo" formula for the self-diffusion tensor Day. 

Although none of the results of this section are new, 
the method used to derive them may be taken over with 
only minor modifications to obtain the thermal trans
port coefficients. 

III. CALCULATION OF THE THERMAL 
TRANSPORT COEFFICIENTS 

Just as the space- and time-varying external electric 
potential produced electric currents and density varia
tions, so a varying gravitational field will produce, in 
principle,7 energy flows and temperature fluctuations. 
The reason for this is that an energy density h(t) be
haves as if it had a mass density A(r)/c2, as far as its 
interaction with a gravitation field goes. Calling the 
gravitational potential — 6Y(r>0> we have an inter
action term in the Hamiltonian of the form 

y*(r)*(r,0&, 
where h(r) is the Hamiltonian density of the unper
turbed system. Clearly a varying \f/ will give rise to a 
varying energy density, which, in turn, will correspond 
to a varying temperature. We shall see this in more 
detail below. 

Turning on simultaneously a <p and a yj/} which vary 
as e8t, we again obtain a total Hamiltonian of the form 
(1.2), except that now F is given by 

F = fp(r)(p(r)dt+ lh(i)+(t)dr. (2.1) 

7 These effects are actually extremely small, far too small to be 
observed in any ordinary experiment. They were first considered 
by A. Einstein, Ann. Physik 38, 443 (1912). See also R. C. Tolman, 
Phys. Rev. 35, 904 (1930) and R. C. Tolman and P. Ehrenfest, 
ibid. 36,1791 (1930). (I am indebted to Professor G. Uhlenbeck for 
calling these interesting references to my attention.) Although the 
effect is very small, in practice we are only interested in questions 
of principle, and an arbitrarily small effect is just as good as a 
large one. In fact, if the gravitational field didn't exist, one could 
invent one for the purposes of this paper. 

The entire analysis of Sec. I I is still valid, leading to 
(1.13), where F is now given by 

t= [p(r)<p(t)dr+[h(r)Hr)dr. (2.2) 

Again, as in (1.15) we may write 

M r ) + V . p ( r ) = 0 , (2.3) 

where jE{x) is the energy-current-density operator for 
the unperturbed system. For a simple system of inter
acting particles we may take 

A(r )^ iEy(Mi+«y*i ) , (2-4) 
where 

« / = 8 ( r - r y ) , 

hj=(pj
2/2m)+Vj+iZujjfy 

Vj being the interaction energy between the 7th 
particle and an external fixed field, Ujf the velocity-
independent interaction between the 7th and fth. 
particles. In this case j«E(r) may be written 

i«J f(r) = ii:(Ayiy«(r)+iy«(r)Ay) 
3 

+5jxJj,yFjj,y(pja+pj>a)l, (2.5) 

.//« 00 = (1/2W) (pjaSj+Sjpja) , 

Fjj'V^—dUjj'/dXjV. 

(These expressions make an error of the order qa, where 
a is the range of the interparticie potential and q the 
propagation vector of the disturbance in the system.8) 

Now j (r) and }E(t) are not the total current densities, 
the expressions for the current densities being modified 
by the interaction with the external fields. Call the time-
dependent average charge density (p(r; / ) ) ; 

<p(r;0> = Tr( P r p(r ) ) > 

d(p(r;t))/dt=Trt(dpT/df)p(r)l 

= T r P r i [ F r , p ( r ) ] . (2.6) 

Since the total charge is conserved, we may write 

iUlT,P(r)l=-V-'f(t). (2.7) 

The {jT(r\t)) computed from this equation will 
satisfy the equation of continuity. Similarly, if hT(r) is 
the total energy density, we have 

•(Ar(r;/)> = ,Tr(p rA r)> 

d<hr(r; 0 > / ^ = T r ( p r { C ^ r , A r ( r ) ] + ( a * r / a O » . (2.8) 

Again, by energy conservation, we may write 

i [ f f r , * r ( r ) . ] = - V . j « ( r ) . . (2.9) 

This term represents the energy flux in the system, 
8 See H. Mori, Ref. 1, pp. 1838-1839. 
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whereas the second term (dhT/dt) represents the rate of 
increase of energy of the system due to the work done 
on it by the external forces. 

Direct calculation gives 

F(r) = j ( r ) + ^ ( r ) j ( r ) , (2.10) 

j « ( r ) = j*(r)+e- '(^(r)i(r)+2^(r)p(r)). (2.11) 

If we are taking only the linear terms of the response 
in ip and \p, then the corrections to j and jE that arise in 
this manner do not contribute, since the average cur
rents in the equilibrium distribution are zero. 

Proceeding just as,in Sec. II, we therefore obtain 

Jo J a 

+ (UyE(-i-0)JcLa)o(-iqy^q)'], 
/•oo / •£ 

J 0 J 0 

+ (j-iy
E(-t-ifi')jia

B)o(-iqy^)']- (2-12) 

Once more we consider the "rapid" and "slow" cases. 
To see what these limits mean in this case, we use the 
phenomenological equations in the form9 

+Laymyy(--)+Layw(- v7^), 
(2.13) 

+Lay^TV, 
\T)+La'* 

(4) (-v^). 

The chemical potential LX which appears here is defined 
as the same function of the slowly varying particle 
density and temperature as it is in equilibrium. 

Taking the gth Fourier component of (2.13), we have 

1 To/fx' 

i,a=-M^+,+;?°(^)j 
-L«->mj(r) +W2V,K- (2-14) 

9 See, for example, A. H. Wilson, The Theory of Metals (Cam
bridge University Press, Cambridge, 1953), Chap. VIII. These are 
the standard phenomenological equations which already include 
the Einstein relationship between the conductivity and a diffusion 
constants. To them we have added a general term proportional to 
(~~ V^)> since the gravitational driving force must be proportional 
to the gravitational field, for slowly varying fields. 

-iq. •M*-4?(F)J 

\TJ 
.J (4)_ +L« 7

MV, V, (2.15) 

I To/ix' 

e V^ 

where To is the equilibrium temperature. 
In the "slow" case, we are in equilibrium and no 

currents flow. Therefore the curly brackets must vanish 
when (ii/T)q and ( l / r ) q are given by their equilibrium 
values in the external potentials <pq and ^q. These are 
easily calculated (see Appendix A) and are given by 

^ + ( r 0 A F ) ( M / r ) q = o , (2.16) 

^ q - n ( l / F ) ( l / T ) q = 0 . (2.17) 

Therefore, the vanishing of the currents in equilibrium 
is the same as 

(2.18) 

(2.19) 

These relationships are the thermal analogs of the 
Einstein relationship between conductivity and dif
fusion coefficients. 

Now the entire point of this paper is that we may 
calculate L«7

(2), Lay®\ andLa7
(4) at once by proceeding 

to the "rapid" limit. In this case, since V*j and V *)E 

are proportional to q2, the equations of continuity for 
charge and energy flow tell us at once that 

T ( 2 ) = / (2) 

L <4) = J^cty :T (4) 
J^cty 

(p*) = Otf/s)-
(h)=otf/s)-

' 0 , 
• 0 . 

(2.20) 

That is, the external fields are varying too rapidly for 
the particle and energy density to vary. Therefore, the 
temperature and chemical potential, which may be re
garded as functions of the particle and energy densities, 
are also constant. In the "rapid" case we therefore have 

(i/r),=o, 
(M/r)q=o. 

Thus, for this case, we must have 

iqa= -iqy{Lay
a) ^q+£«7

(2)^q} V , 

Comparison with (2.12) yields 

(2.21) 

(2.22) 

/ V 1 ^ 
1 f° [l> 

lim — / e~sldt I dfi'{i 
~° V Jo Jo 

\ /.oo - 0 

La7<
2>==lim — / e~stdt d(3' 

8-*°VJo Jo 

1 r° r? 
- I e~stdt \ dp-
V Jo Jo 

(-t-ip')joX 

(joyE(-t-ip')j0«)o, 

(2.23) 

:lim (J0y(-t-iP')J0aE)0, 

1 r00 r$ 
Lay^ = \im— e~stdt dt3'(joyE(-t-0 

8-*°VJo Jo 
)jo«E)o. 
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If we now take ^ = 0 in (2.13) and use (2.18) and Then 
(2.19), we have the usual phenomenological equations, _ . , . „ , _. __ , , , v , (\\\\ 
with the transport coefficients L given by (2.23). These IVs~ W V)^. ̂ e % ' ' " " ( V ^ ^qWq" [ } 

are the usual GKM results obtained previously by Therefore 
assumptions about the form of the local equilibrium 
distribution function or the regression of fluctuations. (Ns2)o= ( V ^ 2 ) ! ] /q'/q(*V^q)o 
No such assumptions were necessary here. q,q/ 

APPENDIX A = ( V ^ E /-qA(^-q^q>0 
q 

We consider a system in equilibrium at temperature / 1 /jro\sr x x / \ i /1 /i^\ x 2ATS / M O \ 
i having a Hamiltoman H+F, when i7 is given by q5o 
(2.1). Then the distribution function is However 

PT=e-^H-^+FyTre-^H"^N+FK (Al) Ws>= (l/V)foN, (A13) 
of\ 'f' r\ o "f-

To the first order in .F, if (F)o=0> this is well known 

f/> (AV)o - ( iV s }o 2 =( l /F 2 )E /_ q / q (»_ q » q )o . (A14) 

Pr=p-pj 0F{-ip), (A2) ^ 

Now / q approaches zero when q^>l/Ls. Therefore, if 
where p is the equilibrium distribution for a system with <^_q^q)0 has a limit as q approaches zero, we can choose 
Hamiltonian H. Taking external fields with only a q Ls such that 
component (q?^0), we obtain at once 

„. ( i V s ) o 2 - < ^ ) o 2 = ( ( l / n E / V 9 ) W » - q ^ ) o . (A15) 
f q?^0 q-»0 

( P _ q ) = - / ^ [ ( p - q ( - W P q ) 0 ^ + ( P - q ( - ^ ) W q ] , S i n c e 
J 0 

(A3) C C 1 
<LJ=-['WM-WU^+^-WUM. Jdrf(r) = ]drf(r)=Vs=-Zf-J„ (A16) 

Now when q is zero, pq and. /zq become simply the total 
number of particles and the Hamiltonian, respectively. lim<rc_q»q>0= V£((Ns

2)o-{Ns)o
2)/Vs2. (A17) 

Since both of these commute with the Hamiltonian we q^° 
a v e , *Rf\__ r\\r\(\-\ On the other hand, the particle fluctuation in a macro-

P-qV P ) — P-qL " \QJj9 (A4) scopic but small subsystem of a macroscopic system may 
A_q(—i0f) = h-q[l+O(q)^\, be calculated by using the grand partition function for 

as q approaches zero. Therefore for very small q we a ^ . ^' 
i .lnereiore, 
have ' 

<Pfl)= -i^C(P-qPq)o^q+(p-q^q)olAq], lim<W_q»q)0= ^[({iV^O- W 0
2 ) / F ] . (A18) 

To calculate these quantities, consider first U s j n S well-known results from the theory of the 
grand partition function, 

(p_qPq)o=e
2<«_qWq>o, (A6) e - m M = Tr^H+aN^ ( A 1 0 ) 

where nq is the Fourier component of the particle-
density operator. Let us introduce a volume VS = LS* wherea=/z/5, we have 
centered around the origin, where Vs^V. Call Ns the /A72\ /AT\ 2 -*2/r>/o\/̂  2 
operator giving the number of particles m Vs> 

Na-^m, (AT) K m ( W _ q M q > „ = - a 2 ^ ) / ^ . (A20) 

where Similarly, 
/ ( r ) = l r i n F s , 

= 0 otherwise. (A8) lMn^hq)0=(HN)0-{H)0{N)a=d^n)/dadfi, (A21) 

Write 
f(r)=(,l/V)j:fe-i<L", (A9) lim(h^n(l)o={HN)o-(H)0(N)o=d^Q)/dad^, (A22) 

aq q-»o 

/ , = [dtf(r)e+i*-<. (A10) l i m ( A _ A ) o = ( F 2 ) o - ( H ) o 2 = - « 9 2 W / a / 3 2 . (A23) 
7 1-̂ 0 

file:///QJj9
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Using 
N= - (dO/dM) r= -d(pti)/da, 

U=d(pti)/dp,-- (A24) 

and calling the particle and energy density n and uy 

respectively, we obtain 

lim<w_q^q)o= VldniM/da'], (A25) 

lim(w_q^q)o= lim(^_q^q)o= V[du(fia) I'da] 
q->0 q->0 

= - F [ a » 0 ? a ) / a j 8 ] , (A26) 

lim<A_qAq)0= - V[du{pa)/d£\. (A27) 
q-+0 

Further, we have 

it\ jam* („q)+pq {K) 

= k\(—) <«,>+(—) <*,>] (A28) 
L\dn/u \du/n J 

and 

(?)rC).w+©.<4 (A29) 

Using (A25)-(A29) and (A5) in (A28) and (A27), 
we obtain at once 

( M / r ) q = - ( F / r ) ^ q , (A30) 

( l / r ) q = ( F / r ) ^ q , (A31) 

which are (2.16) and (2.17). 
These relationships are also quite easily obtained by 

considering the probability of a fluctuation of energy 
and density, and making use of the Boltzmann relation
ship between the probability of such a fluctuation and 
the entropy of the system when it has the corresponding 
number and energy densities. 

If ^q=0 , ( l / r ) q = 0 , the temperature is uniform in 
equilibrium. Then 

\7Vq T\dn/T eT\dn/T 

Using (A30), we have for this case 

( P q ) = - F ^ V q / ( V ^ ) r , (A33) 

which is just (1.35). 

APPENDIX B 

In this appendix we consider the transport coefficients 
(viscosity, heat conductivity) for a simple fluid. In the 
main text we considered the situation appropriate to 
solid-state physics where impurities, phonons, or some 
other mechanism gives rise to a resistive behavior. Here 
we investigate a simple monatomic liquid where the 
Hamiltonian conserves momentum. (Such a system 

would have infinite static electrical conductivity, for 
example, and therefore the procedure given in the text 
does not apply.) 

The procedure is nonetheless essentially the same as 
before. We assume that the phenomenological equations 
in the usual form exist. Then by studying the response 
to external fields we obtain expressions for the coeffi
cients appearing in these equations. The phenomenologi
cal equations for a simple fluid are, of course, the 
standard equations of hydrodynamics. These are10 

dpm/dt+Vfi(pmvp) = 09 (Bl) 

Pml(d/dt)+VfjVi]va = Fa-Vap+V(i<rati', (B2) 

PmT[(d/dt)+vpVpliSm==aap'V(iva+ Vp(KVpT). (B3) 

In these equations pm is the mass density, va the local 
velocity, Fa the external force per unit volume, p the 
local pressure, Sm the local intropy per unit mass, T 
the local temperature. Further, 

<r«p = l (Vpva+ VaVfi) + (f - f rj) ««/* V7i>7. (B4) 

The quantities t\ and f are known as the shear and 
bulk viscosity, respectively, and K is the thermal 
conductivity, 

In the linear approximation these equations become 

( W d O + P m % ^ = 0 , (B5) 

Pm°(dVa/dt) = Fa~ Vap+ VpCTafi , (B6) 

(d/dt) (u-w0n) = KV2T, (B7) 

where pm°, w0 are the equilibrium density and enthalpy 
per particle, respectively; u and n are the local energy 
and number densities. 

Imagine that the external force is given by an external 
electric field, and that the particles have unit charge. 
Then 

Fa=noEa 

= «oEqae*-p*aS (B8) 

if the field has one Fourier component, which we turn 
on slowly. Fourier analyzing (B5)-(B7) and dropping 
the factor est, we obtain (where m is the mass of the 
particles) 

S«q+ig/9Wqj8= 0 , (B9) 

1 
svqce= VEqa——iqapq 

—[i?(?V+(r+-)g«(gq^)]', (BIO) 

s(uq—wonq) = Kq2T(i. (B l l ) 

Again we shall consider the "rapid" case, where q —» 0 
and s—>0, but q—»0 first. Then clearly the leading 

10 See, for example, L. D. Landau and E. M. Lifshitz, Fluid 
Mechanics (Addison-Wesley Publishing Company, Inc., Reading, 
Massachusetts, 1959), pp. 2, 48, 185. 
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terms are given by which is just pm°vqa in the linear approximation, is 

Vq^—VEqa/ms, \/ I f 0 0 /•# 

n<L0=(-iqtfl>*fP/s)no, (B12) />-%«==-( ^ « / dt<r«l 0 
O \ ftl J o J Q 

uq°=Wonq°== —Wo(iq^(Tq^/s). \ 
Further, X ( p 7 ( - q , -t-ipf)pa(q))QEqy). (B21) 

pq={dp/dn)^nq+{dp/du)n
Guqi (B13) ,„« - , , , . . _ , 

so that (The first term arises from the average with the un
perturbed density matrix of the change in the momen-

pq°= Z(dp/dn)u
0+wo(dp/du)n

0"]nq
0=Conq0. (B14) turn density due to the presence of the vector potential.) 

c u +M. 4-- m i ON ^ /-DI/IN • + ^ + Integrating (B21) by parts with respect to L we 
Substi tutmg(B12) and (B14) into the terms pro- o b t a i n a t o n c e 

portional to qz m (BIO), we obtain 
1 r00 r$ 

n0CoV spm°vqa=NEqa— dte~st d/3' 
Sp^Vqa^NEqa Qa(qfiEtf) MS J Q J0 

ms2 

V[. ( v. - X < p 7 ( - q , -t-ip')Pa(<l))oEq7. (B22) 
~ ^ s L E ^ + y+yq<x^E^J • ( B 1 5 ) Since the total momentum of the system is conserved, 

we have 
We consider two cases: (a) transverse case or qJLE; P«(r) + V7P a

7(r) = 0, (B23) 
(b) longitudinal case, q||E. We have w h e r e p ^ i s t h e flux o f m o m e n t u m d e n s i t y F o r a 

* P « % - = N E i a - (Vv/tn) («*/*)£,« s i m P l e s y s t e m s y s t e m t h i s w o u l d b e &™n by" 

(transverse case), (B16) p<*y(t)^(^/^m)T.{P<'iPyfij+hP<*jpyi+pa&pyj 

sPm\a=NEia-(noCoV/m)(q*/s*)E<a +^i8rf„}+JE'*^,«*,. (B24) 

Tf 

m s *" In momentum space (B23) becomes 

(longitudinal case). (B17) V«(q) = ~iq7Pay(q). (B25) 

If we compare (B16) and (B17) to the results we I f w e i n s e r t ( B 2 5 ) i n (B22)> w e o b t a i n 

obtain by imagining an external electric field applied nor00 r& 
to the system, using first-order perturbation theory and spm°vqa~NEqa — I dt e~st I dBf 

expanding to order q2, we must obtain expressions for ms J o Jo 
the viscosity coefficients TJ and f+4?7/3. 

In the first section, we represented the field by a X(P7*(— q, —t—i$')PJ((£))<£qy. (B26) 
scalar potential. This only corresponds tea longitudinal F o r ^ %rmsm$t l e t u s t a k e E i n t h e % ̂ ^ 
field. To consider a more general electric field we repre- i n ^ d i r e c t i o n . T h e n w e o b t a i n 

sent it by a vector potential 

Ea=-(l/c)(dAa/6t), Aa=(-c/s)Eqae^e°K (B18) S P m ^ N E % a - L T*<-*?# 

This gives a total Hamiltonian ms J 0 J 0 

Hr^H+Fe*', X(Pxv(-q,-t-if3')Pxy(q))oEqx. (B27) 

w h e r e r̂  M / M? w ^ m i n v Comparison of (B27) and (B16) gives at once i ? = ( l / ^ ) j E q a # « ( - - q ) . (B19) 

Here £«(+q) is the qth Fourier coefficient of the un- ^ =. l i m lirxx [ dte~st f d/3' 
perturbed momentum-density operator, which is simply y «->o <z->o J J 
the mass times the unperturbed number current v . ̂  , . „ , , v 

operator. That is, X < i V ( - a , - * - t f W ( q ) > 0 

P«{£) = \ £(^j«<-",I'+^'VI'#y«) • (B20) = 1 jim T A e-8< f d0> 
V^oJo Jo 

Using the same method as in Sec. I I , this gives at X(Px
y(0, —l—ip')Pxy(Q))0, (B28) 

once that the average value of the momentum density, « See H. Mori, Ref. 1, Eq. (6.7). 
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where for any operator A we write 

(B29) 

This is the standard result for the shear viscosity. For 
the bulk viscosity one must proceed a little more care
fully, as is seen by the existence of the second term in the 
right-hand side of (B17). This indicates that in the 
longitudinal case the second term on the right-hand side 
of (B26) must have a contribution which is 0(1/V), 
which must be subtracted out before we can get an 
expression for f+4rj/3. 

In (B26) let us take q, E in the x direction. 
/?2 

SpnPv^x^NE^ - / dt e~st / iff 
' Jo Jo MS J o 

X < P , * ( - q , - / - « ' ) P / ( q ) ) o £ q , 

Now consider 

A (q) = P**(q) -Cinq~C2hq, 
where 

Ci=(dp/dn)u°, C2=(dp/du)n0. 

Then we have 

(B30) 

(B31) 

(B32) 

dti [ dff(Px*(-q7-t~iff)Px*(q))o 
Jo 

t 

-iff)A(q))0+X. = / dt e~8t f 
Jo Jo 

= / dte~stf dff{A(-q 
'o Jo 

(B33) 
The remainder X may be written 

X= (0/s){(P,*(-<d(!Cinq+CihJ)o 
+ ( ( C ^ _ q + « _ q ) P ^ ( q ) ) o 
-<(Ci«-4+C8&-q)(Ci»q+CaAq)>o}, (B34) 

since nq and hq are constants of the motion up to terms 
of order q, and we are interested only in the leading 
term. The last term of (B34) is obtained at once using the 
results of Appendix A (A25)-(A27). 

{(Ci^_q+C2/Lq) (Ci^q+C2/*q))o 
- V{iC1(dn/da)e°+C2(du/da)(P']C1 

-ZCiidn/dfif+Ciidu/dfifjCi} 
= V[Ci{dp/da)f-C%{dp/dff)«] = (Vno/P)Co, (B35) 

since, as one easily sees, 

(dp/da)(P=tto/P, (dp/d(3)a°= -mwo/p. (B36) 

The second term of (B34) is equal to the first by the 
usual time-reversal arguments used in proving the 
Onsager relations. Further, for the longitudinal case, 

i V ( - q ) = ( - m l f ) (d2/z_q/W), (B37) 

so that (B34) becomes 

X=2 %?K 
d2w_q 

(Cinq+C2hq) 
> 

VnoCo 

s\ q* / \ dt2 / ^ 
= 2(P/s)(m/q2Xn^(C1nq+C2K))o-VmoCo/s 

= 2(fi/s) (im/qXJ-qx(C1nq+C2h<l))o-~ Vm0Co/s. (B38) 

However, in the longitudinal case, 

Ci(nq)+C2<Aq) 

poo pP 

= / die-"] ^ ' ( i - q x ( - ^ - ^ ' ) ( C i n , + C 2 A q ) ) 0 £ q i 
Jo Jo 

=/9AO"_„(Ci»l,+C^q)>o£q.> (B39) 

since once again j - % x is a constant of the motion as q 
goes to zero. Therefore 

i8A<y_q,(Ci»i,+c^q)>o 
= j(Ci<wq)+C2(A(1))/£qa:= -iqnoVC0/ms (B40) 

from (B12). Finally, 

X= VndCa/s. (B41) 

(This result may also be obtained rather tediously by 
calculating the averages directly.) 

Thus (B30) becomes 

spm°vqx=NECi 

q2VnQCo 
-Ea 

msL ms 
/ dte~8t d/3' 

Jo Jo 

X{A{-q,-t-iff)A{q)),Eqx. (B42) 

Comparison with (B17) shows that this is of the correct 
form and therefore that 

4*7 1 
£_l———ijm j i m 

3 y a->o «->o 

1 
— lim 
y s->o 

/ dle~st d/3' 
Jo Jo 

X(A(-g, -t-i/3')A(q))0 

/ dte~st dp' 
Jo Jo 

X{A(0, -t-iff)l(0))0. (B43) 

This expression for the bulk viscosity coefficient does 
not agree with the results found in Mori's 1958 work 
(see Ref. 1), but it does agree with his recent result.12 

I t is also quite easy to obtain an expression for the 
heat conductivity by a method analogous to that used in 
Sec. I I I . We again introduce a field \j/. Let us take the 
electric field to be zero. The conditions for equilibrium 
(A30) and (A31) are then 

Gi /T) q =0 ( l / 2 % = ( F / r 0 ) * 4 . (B44) 

We must add terms to the phenomenological equa
tions such that in equilibrium no currents flow. Clearly 
that means that in the heat current, instead of —KV$T 
we must have -K(VpT+ToV^). Therefore (B7) 
becomes 

(d/dt)(u-ww) = KVfi(V0T+ToVtf) 

= KV2T+ToKVhp. (B45) 
12 H. Mori, Progr. Theoret. Phys. (Kyoto) 28, 763 (1962). 
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J<{2 Jqx Wojqx, 

Again, taking the qth Fourier component and let t ing If we define the " t h e r m a l " current j q x
T by 

everything vary as est, we obtain 

s{uq-wonq)=-q2{KT(i+ToVK^q)\ (B46) 
then (B46) m a y be wri t ten 

Again considering the " r a p i d " case q —»0 then s~»0, 
the variat ion in tempera ture itself mus t be 0(q2) and 

(B49) 

the variat ion m tempera ture itself mus t be 0(q2) and f00 rp 

so m a y be neglected in (B44). This m a y be seen by s(hq-w0nq)= -q2 / dt e~st dpf 

looking a t the explicit expressions for (nq) or (Aq) given ° ° 
by per turbat ion theory with only a ^q present. For 
example, 

<Hq>=/ cite-*' dp'iJ^i-t-ip'^X-iq^) 
Jo Jo 

A tUe-*\ < r < i - , / ( - / - ; / 3 ' ) j q 5 > ^ 
J 0 J 0 

X ( i V ( - ^ - W j V ) o ^ , (B50) 

./ 0 •/ 0 

= - (g^7A)^0-q7
J&iq5)o^q , 

< » q > - ( g 2 A 2 ) ^ . 

Therefore, for the leading term, 

s(uq-w0n<l)=~T0Vq2K^(i. (B47) 

On the other hand, from our general formula we have, 
taking q in the x direction, 

(hd — WoUq) 

= — / dter 
' 0 

«[ dp(h 
Jo 

••—q2 dte~st< 
' o Jo 

(L. q (—*—#') (A q —w 0 n q ) )^ q 

3'<i-q.*(- ' -# ' ) 

X (j-^-woj^o^. (B48) of a liquid. 

since the extra 7*qa; term gives something which goes to 
zero as q goes to zero. This is because, for a longitudinal 
electric field only, 

/ a-'tf// W - « * ( - ' - # ' ) . 7 « . r > o f i , . = 0"«T> 
Jo Jo 

= (i/qXK-w<M<i)= Wq)((hq)-w0(nq)) 

= -q2KTq^0, when ?=0 . 

Comparing (B45) with (A 16) we see that 

1 r00 r* 
# = lim lim / dt e-8t \ dp' 

s_0 r+ovToJo Jo 
X(j-q*

T(-t-ip'h\*T)o (B51) 

= lim / dte-*%\ dp' 
s^0VToJo Jo 

X{joJ(-t-0)jo/)o. (B52) 

This is the usual result for the hea t conductivi ty 


